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We consider quantum systems composed of N qubits, and the family of all Bell’s correlation
inequalities for N qubits with two local measurements per qubit. We show that if a N-qubit state
ρ violates any of these inequalities, then ρ is bipartite distillable.
Quantum mechanics predicts remarkable correlations
between the outcomes of measurements on sub-systems
(particles) of a composed system. This prediction is con-
sequence of the linearity of quantum mechanics, that al-
lows to build superposition states that cannot be written
as products of states of each sub-system. Such states are
called non-separable or entangled. This paper concerns
the characterization of entanglement for multi-partite
systems. This is a complex problem. The variety of
known partial results suggest that there may not be a
unique characterization of entanglement. We investigate
the link between two features of entangled states, dis-
tillability and non-locality. Let’s begin by reviewing the
notions of separability, distillability and non-locality.
Separability. A pure state, jΨi, shared by N partners is
separable when it can be written as the tensor product of
pure states of each subsystem, i.e. jΨi = jψ1i⊗. . .⊗jψNi.
Thus, for these states there are no correlations between
the dierent sub-systems. For the mixed-state case, a
density matrix, ρ, is separable when it can be expressed
as the convex combination of separable pure states, ρ =P
i pijΨsi ihΨsi j, where jΨsi i are product states 8i. States
that are not separable are called entangled. It is clear
from these denitions that if the blank state of the sys-
tem is separable and the partners are allowed to use only
local operations and classical communication (LOCC),
then denitely no entangled state can be prepared.
Distillability [1] An entangled state ρ is distillable if
some partners sharing arbitrarily many copies of the state
can produce a few maximally entangled states [2] using
only LOCC. Once two partners share a maximally entan-
gled state, they can run quantum communication proto-
cols, like teleportation [3] or quantum key distribution
[4]. Thus distillability is a measure of the "usefulness"
of a state: if a state is distillable, we can extract from
many copies of it the amount of entanglement needed to
implement quantum communication protocols. It was a
surprise to discover that not all entangled states are dis-
tillable: there exist some bound entangled states, whose
entanglement cannot be extracted [5].
In this paper we consider bipartite distillability for N -
qubit states. This is dened as follows (see also [6]).
The N qubits are indexed by j 2 f1, 2, ..., Ng  N . Let
A = fi1, ..., ing be a subset of N of cardinality jAj = n,
and Ac = N nA the complementary subset; both A and
Ac are non-empty, that is 0 < n < N . A N -qubit state ρ
is distillable for the partition A−Ac if, out of (innitely)
many copies of ρ, one can create a two-qubit maximally
entangled state shared between A and Ac using LOCC.
In this context, "local" is to be understood with respect
to the partition A − Ac: for instance, any unitary oper-
ation of the form UA ⊗ UAc is allowed.
A necessary condition for distillability is the negativity
of the partial transpose (NPT): the partial transpose of
ρ with respect to one of the sets of partners, ρTA , must
have at least one negative eigenvalue [5]. Examples of
bound entangled states are precisely states that are not
separable and yet do not fulll the NPT condition. But
in general, NPT is also a sucient condition for distill-
ability only when jAj = 1, that is, for a partition "one
qubit vs all the others" [7]. For all other partitions, no
general sucient criterion for distillability is known.
Non-locality. If we focus on their preparation, all en-
tangled states are non-local, since they cannot be pre-
pared without using either non-local quantum operations
or quantum channels. More common and less trivial is
the problem of the detection of non-locality by suitable
operations at distant locations. A state ρ of N qubits
is prepared at a given location; the qubits are then sent
apart from one another, each to one amongN partners at
dierent locations. The partners can apply a LOCC pro-
tocol that transforms it into a new state, ρ0, with some
probability. Then they perform a sequence of measure-
ments over it. A state is local if the statistics of the out-
comes can be reproduced by assuming a correlation based
on local classical variables for all these measurement and
LOCC protocols (M-LOCC). If there exist a M-LOCC
protocol such that the outcomes cannot be reproduced
by any local classical correlation, we say that the state is
non-local. The last step for the detection of non-locality
consists on checking if the measurement outcomes vio-
late some constrains, known as Bell’s inequalities [8], that
any local variable model satises. If the state ρ0 violates
a Bell’s inequality it is clearly non-local. We will also
say ρ to be non-local since it can be transformed into
ρ0 without non-local quantum resources. No Bell’s in-
equality is violated by the measurement outcomes when
there exists a model based on classically correlated lo-
cal variables reproducing them. In the particular case
in which the measurement protocol consists in perform-
ing local von Neumann (vN) measurements, we speak of
vN-(non-)locality.
No necessary and sucient conditions for non-locality
are known; in particular, nobody knows whether all en-
tangled states are non-local. Since the work of Werner
[9] (and its extension by Barrett [10]), it has been known
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that there exist entangled states that do not violate any
Bell’s inequality. This does not mean that they cannot
show non-local correlation after LOCC ltering proto-
cols [11]. Indeed, we shall see below that distillability is
a sucient condition for non-locality.
In two-qubit systems, the Bell’s inequality due to
Clauser, Horne, Shimony and Holt [12] plays an essen-
tial role. In the case of two two-outcome measurements,
it provides a necessary and sucient condition for the
existence of a local variable model for vN measurements
[13]. For a qubit, a local vN measurement is the measure-
ment of an observable σa = ~a  ~σ, with ~a a unit vector
in R3 and with ~σ the Pauli matrices. Consider two local






σa1 ⊗ (σa2 + σa02) + σa01 ⊗ (σa2 − σa02)

. (1)
A state ρ is vN-non-local if Tr(ρB2) > 1 for some choice
of the directions ~aj and ~a0j .
The case of N > 2 qubits is much more complex, be-
cause there are several inequivalent necessary conditions
for vN-locality (generalized Bell’s inequalities). Still, as
above, we can build some observables (Bell operators)
BN that depend on the parameters of the measurements,
such that if Tr(ρBN ) > 1 for one particular observable
then ρ is certainly vN-non-local. The simplest interest-
ing family of Bell operators is characterized by the fact
that one allows two local measurements on each qubit
σaj and σa0j for j = 1, ..., N . The corresponding family
of Bell’s inequalities has been the object of recent work
[14{16]. It was found in [14,15] a set of 22
N
independent
Bell correlation inequalities that give a necessary and
sucient condition for the existence of a local classical
model. We shall restrict our attention to this family in
what follows.
We have completed our review of distillability and non-
locality. Let’s consider the link between these two no-
tions. As announced above, if ρ is distillable then it is
also non-local. In fact, if ρ is distillable, it is straight-
forward to nd the M-LOCC protocol that will reveal
non-locality: (i) First use the LOCC distillation protocol
to produce maximally entangled states; (ii) These states
violate a Bell inequality for suitable vN measurements.
Since no protocol using only LOCC can produce a vio-
lation of a Bell’s inequality starting from local classical
variables, we conclude that distillation simply reveals a
non-locality that was already present but "hidden" in
the initial state ρ [11]. For the two-qubit case this im-
plies that all entangled states, being distillable [17], are
non-local.
Thus distillability implies non-locality. Whether the
converse holds is the open question upon which we shed
new light in this paper. We shall prove the following
Proposition. Consider a N-qubit state ρ. If there exist
a Bell operator with two measurement per qubit BN such
that the corresponding inequality is violated, that is such
that Tr(ρBN ) > 1, then ρ is bipartite distillable.
Some partial result are already known. For instance,
for a specific Bell operator BN , all the states that violate
the corresponding Bell’s inequality are bipartite distil-
lable [18], although the partition may not be such that
jAj = 1 [19]. More signicant for our work is the following
result obtained by Werner and Wolf [14]: If ρ is such that
Tr(ρBN ) > 1 for a Bell operator with two measurement
per qubit, then there exist at least one partition such
that ρTA has a negative eigenvalue. This result alone is
not sucient to prove the Proposition, since, as we said,
NPT does not imply distillability in the general case.
The proof of the proposition is made in two steps. In
the rst step, we show that starting from ρ there is a nat-
ural way of dening a state ρD which is distillable. This
would conclude the proof if one could go from ρ to ρD
with LOCC, but this is probably impossible in the gen-
eral case. However, inspired by the construction of ρD,
we can now nd a new state ρ0D which is also distillable,
and that can be reached from ρ using only LOCC. The
construction of ρ0D is the second step, which will conclude
the proof.
Let’s begin by setting some notation. The product
states in the computational basis form the product basis
that we will use. Each of these states are labeled jki
with k 2 f0, 1, ..., 2N − 1g; the correspondence is given
by the binary expansion: thus j0i = j0...0i, j1i = j0...01i,
and so on until j2N − 1i = j1...1i. We dene also
jki = j2N − 1− ki; written as tensor product, jki is ob-
tained from jki by exchanging all the zeros and ones.
First step. We have a N -qubit state ρ such that
Tr(ρBN ) > 1 for a Bell operator with two vN measure-
ments per qubitBN . The spectral decomposition for such
operators is known [16]: one can nd (i) a local com-
putational basis fj0ij , j1ijg for each qubit j, (ii) 2N−1









where Qσk are the projectors on the generalized GHZ-





eiθk jki  jki . (3)
The set of the jθσk i with k 2 f0, 1, ..., 2N−1 − 1g and
σ =  is a basis of eigenstates of BN , that we shall call
the theta basis. The values of the coecients bk and θk
depend on the specic Bell’s inequality and the chosen
measurements [16].








k , with λ
σ
k  Tr(ρQσk) (4)
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by keeping only the terms that are diagonal in the theta
basis. By construction, Tr(ρBN ) = Tr(ρDBN ): ρD vi-
olates the same inequality as ρ. As a consequence of
Werner and Wolf’s result, we know that there exist at
least one bipartite splitting A − Ac of the qubits such
that ρTAD has a negative eigenvalue. As stressed several
times, this is not in general a guarantee that ρD is distil-
lable. However, it turns out that here NPT is a sucient
condition for distillability.
FIG. 1. Schematic representation of the eect of the partial transposition on the matrix ρD, written in the product basis.












eiθk jkihkj+ h.c.i . (5)
This means that there are non-zero elements only in the
two main diagonals of the matrix. It is easy to get con-
vinced that the partial transposition with respect to any
partition A−Ac will preserve this structure (g. 1). As
an example, take N = 5 qubits, A = f2, 3g. Then
j00111ih11000j TA−! j01011ih10100j : (6)
an element of the anti-diagonal is sent onto another ele-
ment of the anti-diagonal. Of course, the elements of the
main diagonal remain unchanged.
This being the structure of ρTAD , the negativity of some



















for k = 0, ..., 2N−1 − 1. For ρD thus, Werner and Wolf’s
result reads: There exist at least two values of k, say K
and K 0, and a bipartite splitting A − Ac such that: (i)
jK 0ih K 0j is sent onto jKih Kj by the partial transposition





2 − (λ+K0 − λ−K0)2 < 0 . (8)
Now it is not dicult to see that the N -qubit state
ρD is bipartite distillable. According to the partition
A − Ac, the state can be locally projected into the sub-
space H(K,K 0) spanned by jKi, j Ki, jK 0i and j K 0i.
This subspace is isomorphic to C2 ⊗C2, and one can re-
label jKi = j00i, j Ki = j11i, jK 0i = j01i and j K 0i = j10i.
The projected state satises NPT, then it is distillable.
This is the end of the rst step of the proof. The only
problem left is that the transformation ρ −! ρD may
well be impossible with LOCC. We have not a nal proof
for this impossibility. Note however that the theta ba-
sis in which we should diagonalize ρ is dened by 2N−1
highly non-local parameters, the phases θk, whose value
is determined by the details of the observable BN [16].
We cannot get easily rid of these phases by using the
freedom left in the construction, that is by a redenition
of global phases j0ij ! eiφ
0
j j0ij and j1ij ! eiφ
1
j j1ij , be-
cause there are only 2N such phases. Instead of looking
for an hypothetical LOCC [20] protocol leading from ρ
to ρD dened in (4), we take another approach.
Second step. In the previous step, we have identied
the subspace in which to project the state, locally for the
partition A−Ac. It is the subspace H(K,K 0) spanned by
jKi, j Ki, jK 0i and j K 0i, or alternatively, by jθ+Ki, jθ−Ki,
jθ+K0i and jθ−K0i. We begin by applying a local phase re-
denition U that erases the phases θK and θK0 : thus





(jki  jki . (9)
This U of course does not erase all the other phases θk,
but this is not a problem.
Du¨r and Cirac [6] have shown that any N -qubit state










where P σk is the projector on the GHZ state jψk i. All the
diagonal terms, hψk jρjψk i, are kept unchanged, while



















just using local operation on each sub-system. Note that
for K and K 0 the λσk are indeed the same that appear in
the construction (4) of ρD [21]. Obviously, when written
in the product basis, ρ0D has exactly the same struc-
ture as ρD, that is, non-zero elements only in the two
main diagonals. Now we can apply the same procedure
that we followed for ρD: take the partition A − Ac that
brings jK 0ih K 0j onto jKih Kj; then by construction the
determinant of M 0(K) built from ρ0TAD is the same as the
determinant of M(K) built from ρTAD . Thus A− Ac can
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locally project ρ0D into H(K,K 0), and the resulting two-
qubit state will satisfy NPT and will thus be distillable.
This concludes the proof.
In summary, the way of distilling a singlet from a state
ρ that violates a Bell’s inequality is: (1) determine on the
paper the 2  2 subspace H(K,K 0) in which to project
and the corresponding partition; (2) erase locally the
phases θK and θK0 and apply the Du¨r-Cirac protocol,
and nally (3) project onto H(K,K 0). In the proof, we
used three known results: the spectral decomposition for
Bell operators with two measurements per qubit [16],
the fact that any ρ that violates one of these Bell’s in-
equalities is NPT for at least one partition [14], and the
Du¨r-Cirac depolarization protocol [6]. The new insight
is provided by the peculiar structure of the matrices ρD
and ρ0D that makes NPT a sucient condition for distil-
lability.
Is distillability equivalent to non-locality? The answer
is still not known in full generality. It was known that
distillability implies non-locality. In this paper, we have
strengthened the conjecture that non-locality implies dis-
tillability, by proving that all N -qubit states exhibiting
vN-non-locality with respect to a large family of Bell’s
inequalities are bipartite distillable. It would be nice to
explore this connection in composite systems Cd ⊗ Cd
with d > 2, where we have bound entanglement. A Bell’s
inequality violation for a bound entangled state would be
a counter-example for this conjecture.
Our last remark concerns Bell’s inequalities. These
inequalities, initially derived to quantify the counter-
intuitive features of quantum correlations, are acquiring
the status of "witness for useful entanglement". It had
already been shown that the violation of a multi-qubit
inequality is a sucient condition for security of key-
distribution protocols [22]. Now we have proved that if
a N -qubit state violates any of the inequalities found in
[14,15], then its entanglement can be distilled.
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